Abstract. Let Γ be a multigraph with for each vertex a cyclic order of the edges incident with it. For n ≥ 3, let D 2n be the dihedral group of order 2n. Define D ∶= {( ±1 a 0 1 ) a ∈ Z}. In [5] it was asked whether Γ admits a nowhere-identity D 2n -flow if and only if it admits a nowhere-identity D-flow with a < n (a 'nowhere-identity D n -flow'). We give counterexamples to this statement and provide general obstructions. Furthermore, the complexity of the existence of nowhere-identity D 2 -flows is discussed. Lastly, graphs in which the equivalence of the existence of flows as above is true, are described. We focus particularly on cubic graphs.
a finite group, written multiplicatively) depends on the Euler characteristic of S and the multiset of dimensions of irreducible representations of G [5, 10] . In case Γ embeds into a closed non-orientable surface S, then in addition the trichotomy of types of irreducible representations according to the Frobenius-Schur indicator is determinative [6] .
It is not immediately clear how a counterpart of Theorem 1.1 would look like for nonabelian groups. In [5] 
We define
D ∶= ±1 a 0 1 a ∈ Z and D n ∶= ±1 a 0 1 a ∈ Z, a < n .
denote the group homomorphism that reduces the upper right matrix entry modulo n. Elements in D that are mapped to rotations in D 2n by Π n are called rotations, and likewise for reflections. Let Γ be a multigraph embedded into a closed orientable surface. A nowhere-identity D-flow on Γ (see Section 2.1 for the definition) which takes values in D n , is called a nowhereidentity D n -flow. The authors of [5] asked whether the following statement is true Γ admits a nowhere-identity D 2n -flow ⇐⇒ Γ admits a nowhere-identity D n -flow.
The "⇐ " direction is easily seen to hold. Indeed, observe that by composition with Π n , a nowhere-identity D n -flow yields a nowhere-identity D 2n -flow. In this paper we show that the " ⇒" direction is false in general. A counterexample to statement (3) for the case n = 3 is given by the following graph (see The paper is organized as follows. In Section 2 we give definitions and preliminaries that are used throughout the article. Section 3 focusses on counterexamples and obstructions to statement (3) . Also, the complexity of the existence of nowhere-identity D 2 -flows is addressed. In Section 4 the emphasis lies on cubic graphs for which statement (3) holds true. Special attention is devoted to snarks. A common feature of both Section 3 and Section 4, is that some results are illustrated by examples. Lastly, we discuss material for further research in Section 5.
Definitions and preliminaries
In this section we give definitions and preliminaries. These mostly involve notions of standard flow theory, tailored to the setting of embedded graphs, for which the necessary background may be found in [11] . Furthermore, we set up notation that is used throughout the article. In this paper, all graphs are assumed to be connected, but they are not assumed to be simple.
Graph embeddings and flows
Let Γ = (V, E) be a graph with for each vertex v a cyclic order π v of the edges incident with v. A loop appears two times in the cyclic order. We define the rotation system π of Γ by π = {π v v ∈ V }. It is equivalent with describing a cellular embedding of Γ into a closed connected orientable surface S [11, Thm. 3.2.2] . If S has genus g, we will also refer to it as the torus with g holes, or the g-torus. The collection of faces of Γ (components of S ∖ Γ homeomorphic to an open disc in R 2 ) is denoted by F . By Euler's formula
From now on, whenever we speak of an embedded graph, we mean a graph that is cellularly embedded into a closed orientable surface. Let G be a group and let Γ = (V, E) be a graph with rotation system {π v v ∈ V }. Assume that an arbitrary orientation is given to the edges of Γ. A G-flow on Γ is an assignment of values of G to the edges of Γ, such that for each vertex v the product of the values on its incident edges (in the order π v ) equals the identity, where the inverse is taken for any edge leaving v. A G-flow that on no edge evaluates to the identity, is called a nowhereidentity G-flow. If Γ admits a nowhere-identity G-flow with respect to some orientation, then it admits such a flow with respect to any orientation, as can be seen by changing the value on some edges to its inverse.
Negative results
In this section we show that statement (3) is false and discuss to what extent it fails.
Counterexamples
On embedded graphs there is an important difference between flows with values in an abelian group and flows with values in a nonabelian group. Let G be a group, write [G, G] for its commutator subgroup and let π ab ∶ G → G [G, G] denote the canonical homomorphism. Let Γ = (V, E) be an embedded graph. For X ⊆ V , let δ(X) be the set of edges with one end in X and the other in V ∖ X. Lemma 3.1. If f is a G-flow on Γ, then for every X ⊆ V we have that
for any order of the edges e ∈ δ(X) in the product above.
Proof. Consider the flow with values in the abelian group G [G, G] given by the composition π ab ○ f . As abelian flows are zero on cut-sets [3, Prop. 6.1.1], the expression on the left-hand side of (5) lies in the kernel of π ab , which equals [G, G].
Lemma 3.1 shows that embedded graphs with bridges may have nowhere-identity G-flows, provided that G is nonabelian. We will now encounter such a graph and flow.
Consider the following graph Γ = (V, E) whose vertices are given a clockwise cyclic order: Figure 2: Γ: a counterexample to statement (3) Note that Γ has precisely one face and (therefore) embeds into the 3-torus. By Lemma 3.1, any nowhere-identity D 3 -flow has to assign a non-identity value from
to the edges e 1 , e 2 and e 3 . But then clearly Kirchhoff's law cannot be satisfied at the vertex v. Hence Γ does not have a nowhere-identity
if e ∈ {e 1 , e 2 , e 3 }, r 2 s if e ∈ {e 4 , e 6 , e 8 },
rs if e ∈ {e 5 , e 7 , e 9 }, with r and s as in equation (1) . Then f is a nowhere-identity D 6 -flow with respect to the orientation as given in Figure 2 . Observe that the loops are assigned reflections and hence do not require an orientation. We conclude that statement (3) does not hold for n = 3. We will now generalize the counterexample in Figure 2 . Call a bridge plane-sided if its removal results in a graph at least one of whose components has genus zero (with respect to the embedding). The next lemma shows that plane-sided bridges form an obstruction for the existence of nowhere-identity G-flows on an embedded graph. Lemma 3.2. If an embedded graph has a plane-sided bridge, then it does not have a nowhereidentity G-flow, for any group G.
Proof. Let e = uv be a plane-sided bridge of an embedded graph Γ = (V, E), with u, v ∈ V . Let Γ ○ denote a component of Γ ∖ e of genus zero. Assume that Γ ○ contains v. Then we can modify Γ by contracting edges of Γ ○ so that it results in an embedded graph Γ ′ in which the edges incident with v are e and a (possibly empty) collection of non-intersecting loops. Any nowhere-identity G-flow in Γ gives rise to a nowhere-identity G-flow in Γ ′ and vice versa. But in Γ ′ any G-flow must assign the identity to e, proving the lemma.
In fact, the following theorem of DeVos [2] (but taken as it is stated in [5] ) shows that if the commutator subgroup of G is large enough, then a plane-sided bridge is the only obstruction. In the theorem, Q 8 denotes the quaternion group. 3. If G ∈ {D 8 , Q 8 }, then Γ has a nowhere-identity G-flow in case Γ has no bridge. It is NP-complete to decide if Γ has a nowhere-identity G-flow if there is a bridge.
We remark that
with r as in equation (1). Suppose that a graph Γ = (V, E) with rotation system π has a vertex v of degree d, with d odd, and such that G ∖ v has d connected components. Then there is no way of assigning the non-identity elements of the set in equation (6) to the d edges incident with v, such that the product (in any order) equals the identity. In fact, to v we can add any number of non-intersecting loops and decontract edges (just as in the proof of Lemma 3.2). The existence of a vertex v as described above, is then seen to correspond to the existence of a subset X ⊆ V such that δ(X) consists entirely of bridges, is odd-sized and such that the subgraph induced by X is planar with respect to π. Such a δ(X) corresponds bijectively with a set B as described in the second part of Theorem 3.3. Combining the above with the first two items of Theorem 3.3, the following is derived.
Theorem 3.4. Let Γ be an embedded graph. Then Γ has a nowhere-identity D 6 -flow but no nowhere-identity D 3 -flow if Γ has no plane-sided bridge but there exists an odd-sized subset B of bridges of Γ such that each e ∈ B is a plane-sided bridge of Γ ∖ (B ∖ e).
, the presence of a set of bridges as in Theorem 3.4 also is an obstruction for the existence of nowhere-identity D 4 -flows.
The case n = 2
The dihedral group D 2n is usually defined for n ≥ 3. However, the description of D 2n in terms of the group presentation as given just above equation (1), as well as the definitions of D n and Π n and the statement in (3), allow for an investigation for the case n = 2. As D 4 ≅ V 4 , the Klein four-group, Theorem 1.1 shows that the existence of a nowhere-identity D 4 -flow is equivalent with the existence of a nowhere-zero 4-flow. In this section we will restrict attention to cubic graphs. For cubic graphs, specifying a nowhere-zero 4-flow is the same as specifying a 3-edge coloring [3, Prop. 6.4.5(ii)]. The following example shows that not all cubic graphs with a 3-edge coloring also have a nowhere-identity D 2 -flow (with respect to a given embedding).
Example 3.1. Consider the (unique) embedding into the torus of the cubic graph Γ = (V, E) on two vertices with three parallel edges. Write V = {v 1 , v 2 } and E = {e 1 , e 2 , e 3 }. Then the rotation system is given by π v 1 = π v 2 = (e 1 e 2 e 3 ). Let f be a nowhere-identity D 2 -flow. Then there must be a unique rotation, say f (e 1 ). The flow equations read f (e 1 )f (e 2 )f (e 3 ) = f (e 1 ) −1 f (e 2 )f (e 3 ) = 1 (as reflections equal their own inverse). Hence f (e 1 ) 2 = 1, the identity of D 2 . This implies that f (e 1 ) = 1, contradicting the fact that f is nowhere-identity.
We will characterize when an embedded cubic graph admits a nowhere-identity D 2 -flow. Let us first consider a nowhere-identity D 2n -flow f on an embedded graph Γ = (V, E) (not necessarily cubic). For every v ∈ V , the number of edges incident with v on which f evaluates to a reflection is even. Assume now that Γ is cubic. For each 0 ≤ a < n, if at any vertex one of the edges incident with it is assigned a reflection of the form r a s, with r and s as in equation (1), then this is the only such edge. For 0 ≤ a < n, define M a ∶= {e ∈ E f (e) = r a s}.
We summarize the above observations in a lemma.
Lemma 3.5. Let f be a nowhere-identity D 2n -flow on an embedded cubic graph. Then the subgraph consisting of edges that are reflections is 2-regular. For each 0 ≤ a < n, the set M a is a matching.
Since a nowhere-identity D 2n -flow can consist entirely of rotations, there is no guarantee in general how large the matchings M a can be. For n = 2 however, M 0 and M 1 are perfect matchings (and hence so is E ∖ (M 0 ∪ M 1 )). We examine what this means for D 2 -valued flows. Write D 2 = {1, x, x −1 , y, z, w} with
where Π 2 is the map from (2). Therefore, as M 0 and M 1 are perfect matchings for every nowhere-identity D 4 -flow, it follows that for every nowhere-identity D 2 -flow f , the partition
is a 1-factorization, i.e., a 3-edge coloring. We now prove the following theorem.
Theorem 3.6. A cubic graph has a 3-edge coloring if and only if it admits a nowhere-identity D 2 -flow with respect some embedding.
Proof. Let Γ = (V, E) be a cubic graph. By equation (7) every nowhere-identity D 2 -flow of an embedding of Γ yields a 3-edge coloring of the underlying graph, showing the "if" statement. To see "only if", suppose c ∶ E → [3] is a 3-edge coloring of Γ. Direct the edges with a 3 arbitrarily. For v ∈ V , set the cyclic order π v at v as follows 
It is a straightforward calculation to verify that f is a nowhere-identity D 2 -flow with respect to {π v v ∈ V }.
Corollary 3.7. It is NP-complete to decide if a graph has a nowhere-identity D 2 -flow for some embedding.
Proof. A nowhere-identity D 2 -flow constitutes a certificate, hence the problem is in NP. Theorem 3.6 shows that it is NP-complete.
The proof of Theorem 3.6 shows that for every 3-edge colorable cubic graph there exists a nowhere-identity D 2 -flow with respect to some embedding. It is not true that a 3-edge colorable cubic admits such a flow for every embedding (Example 3.1). The proof of Theorem 3.6 also can be used to characterize nowhere-identity D 2 -flows on embedded cubic graphs. Let Γ = (V, E) be a cubic graph with rotation system π. Let f ∶ E → [4] be a 4-edge coloring. If the sets {e f (e) = 1} and {e f (e) = 3} form a perfect matching and if locally, with respect to π, every two vertices that share an edge e for which f (e) = 3, look like one of Proof. Consider the equation abc = 1 in D 2 , with variables a, b and c. If none of the variables is allowed to be the identity, then, fixing a = z, the set of ordered pairs (b, c) of solutions is given by
The correspondence x ±1 ↦ 3, y ↦ 4, w ↦ 2 and z ↦ 1 yields the desired result. Indeed, note that in any of the pictures in Figure 3 , there is a unique way to direct the middle edge so that the just-described correspondence gives a flow.
We conclude the section with a question. Question 3.9. What is the complexity of deciding whether a given embedded cubic graph has a special 4-edge coloring?
Counting
In this section G denotes an abelian group of order n. In the introduction it was mentioned that the number of nowhere-zero n-flows in a graph is at least the number of nowhere-zero Gflows. The next example exhibits an embedded graph that admits nowhere-identity D 4 -flows, but there are fewer of these than nowhere-identity D 8 -flows. Example 3.2. Let Γ = (V, E) be the graph depicted in Figure 4 . There are four ways to assign a cyclic order to the leftmost three vertices, such that there is only one face containing those vertices. By symmetry, there are ten different rotation systems with respect to which Γ has one face. By Euler's formula (4), these all are embeddings of Γ into the 2-torus. Enumerating over all possibilities, it is checked with the aid of a computer that there are 5760 nowhere-identity It was also mentioned in the introduction that both the number of nowhere-zero n-flows and the number of nowhere-zero G-flows are counted by a polynomial in n [9, 17] . Example 5.11 of [5] demonstrates that the number of nowhere-identity D 2n -flows in an embedded graph is a quasi-polynomial in n of period 2. The authors of [5] asked if the number of nowhere-identity D n -flows is also counted by a quasi-polynomial in n of period 2. We were neither able to confirm nor to contradict this.
Positive results
In this section we discuss cases in which statement (3) holds. As in the previous section, all embedded graphs are embedded into an orientable surface. In addition, every graph in this section is assumed to be cubic.
Non-zero reflection cycles
For the rest of Sections 4.1 and 4.2, fix an embedded cubic graph Γ = (V, E). Let f be a nowhere-identity D 2n -flow on Γ. If f never evaluates to a reflection, then f can be viewed as a nowhere-zero Z n -flow, with Z n the cyclic group of order n. By Theorem 1.1 Γ then admits a nowhere-zero n-flow, which in particular is a nowhere-identity D n -flow. We assume now that f also evaluates to reflections.
By Lemma 3.5 the subgraph Γ f of Γ consisting of edges that are reflections is 2-regular. A connected component of Γ f is called a reflection cycle with respect to f . If the flow is clear from the context, we just speak of reflection cycles. For a ∈ Z n , write a ∶= ( 0 a 0 0 ). Let C ⊆ Γ f be a reflection cycle and a ∈ Z n . Define
Note that f a,C is nowhere-identity. For all reflections x, y ∈ D 2n we have (x + a)(y + a) = xy. These observations prove the following lemma.
Lemma 4.1. Let f be a nowhere-identity D 2n -flow on Γ, let C be a reflection cycle and let a ∈ Z n . Then the map f a,C as defined in equation (8) is again a nowhere-identity D 2n -flow.
A reflection cycle without an edge on which f evaluates to s, as in equation (1), is called a non-zero reflection cycle. The flows f a,C can sometimes (but certainly not always) be used to ensure that a reflection cycle is a non-zero reflection cycle. In a moment we will see why non-zero reflection cycles are convenient. First we need another topological concept.
Let S denote the surface into which Γ is embedded. A loop in S (i.e., a continous image of the circle in S) is contractible if it is homotopic to a point (i.e., the constant mapping). A loop is simple if it has no self-intersections. Via the embedding of Γ into S, these topological notions are translated to cycles in Γ.
Let C be a simple contractible cycle of Γ. Define
As C is simple and contractible, it bounds a disk D in S. The interior of D is denoted by D ○ . If g ∶ E → D 2n is a map, then for v ∈ V the product of the values on the edges (in the order π v ) is denoted by P g,π (v), or by P g (v), if the rotation system is understood. The following lemma is of crucial importance in the remainder of Section 4. Lemma 4.2. Let f be a D 2n -flow on Γ. Let C be a simple contractible cycle on Γ, bounding a disk D in S, the surface into which Γ is embedded. Assume that f does not evaluate to reflections on edges in D ○ . Then the map f C as defined in equation (9) is again a D 2n -flow.
Proof. The disk D can be drawn in the plane such that all vertices on C have a consistent cyclic order. Choose a local orientation of the cycle C that is inconsistent with these cyclic orders (i.e., if the cyclic orders are clockwise then the orientation of C is counterclockwise).
We may assume that all edges on C on which f evaluates to rotations, are directed in accordance with the local orientation of C. In order to prove the lemma, we first specify an orientation of the edges that are rotations with respect to f C . On edges in D ○ we reverse the direction. Next we turn to edges that have become rotations with respect to f C (if any). They lie on C and are directed in accordance with the local orientation of C chosen above. The orientation of all other edges that are rotations is left unaltered. That f C is a flow now follows from the observation that for v ∈ V we have
where D in consists of those vertices in D that are incident with an edge that lies in D ○ , and D out consists of vertices on C that are incident with an edge outside D that is a reflection.
In fact, the proof given above shows that Lemma 4.2 still holds when in the statement D 2n is replaced by D n and when the element s in the definition (9) of f C is replaced by ( −1 0 0 1 ) ∈ D n . This will be needed in Section 4.3. Proof. The proof goes via induction on the number t of non-zero contractible reflection cycles. If t = 0 then we are done by the remark at the beginning of this section. Suppose that t > 0. Let C be a non-zero reflection cycle. As it is a reflection cycle, it is simple. We may assume that all edges in the interior of the disk that C bounds, are rotations (otherwise we would have continued with a smaller reflection cycle inside C). Then f C is a D 2n -flow by Lemma 4.2. Moreover, it is nowhere-identity as C is a non-zero reflection cycle. By construction we have produced a nowhere-identity D 2n -flow with t − 1 non-zero contractible reflection cycles, hence by the induction hypothesis we are done.
Note that in our proof above, neither of the two assumptions in the statement of Theorem 4.3 can be weakened. Lemma 4.1 may be useful in creating non-zero reflection cycles, for instance if n is larger than the size of the largest reflection cycle. We remark that contractibility of cycles can be tested in linear time [1] . In Section 4.2 we give applications of Theorem 4.3.
Short reflection cycles
Given a nowhere-identity D 2n -flow f , call a nowhere-identity D n -flowf for which Π n ○f = f (with Π n as in equation (2)) a lift of f . In Theorem 4.3 we have seen that non-zero contractible reflection cycles can be modified to rotations to ensure the existence of a lift. Example 3.2 demonstrates that this does not happen always. We now consider lifts of flows that have non-contractible reflection cycles. We will show that for odd n, unique reflection cycles that are short can be adjusted to rotations. It is worthwhile to examine an example first. for all n ≥ 2. If f is a nowhere-identity D 2n -flow with reflections then n is even. Consider such a flow. Then the reflection cycle is non-contractible. By the same argument as in Example 3.1, any lift of f is forced to assign the identity to the edge e 1 . Hence, any nowhere-identity D n -flow (which exists for n ≥ 3) consists entirely of rotations.
Proposition 4.4. Let f be a nowhere-identity D 2n -flow on Γ, with n odd. If there is a unique reflection cycle and it is of length 2, then Γ admits a nowhere-zero n-flow.
Proof. Let C denote the reflection cycle. After possibly considering the flows f a,C from Lemma 4.1 for some a ∈ Z n , we may assume that C is a non-zero reflection cycle. We will argue that either C is contractible or Γ is the graph from Examples 3.1 and 4.1. For the latter case it is clear that Γ admits nowhere-zero n-flows. In case C is contractible, then applying Theorem 4.3 yields the proposition.
Suppose that C is non-contractible and that Γ is not the graph from Examples 3.1 and 4.1. Let v 1 and v 2 denote the vertices on C. As C is non-contractible, we may assume that the cyclic orders at v 1 and v 2 are given by π v 1 = (e 1 e 2 e 3 ) and π v 2 = (e 2 e 3 e 4 ) (where e 1 ≠ e 4 ). Write f (e 1 ) = r a , f (e 2 ) = r b s, f (e 3 ) = r c s and f (e 4 ) = r d , with 0 < a, b, c, d < n. Assuming that e 1 and e 4 are directed towards v 1 and v 2 respectively, the flow equations yield a + b − c ≡ 0 mod n and d + b − c ≡ 0 mod n. It follows that a ≡ d mod n. On the other hand, on the cut-set X ∶= {v 1 , v 2 } we compute
where the second and third equality follow from the fact that C is the unique reflection cycle (i.e., the rest of the graph consists of rotations). Hence we also must have a ≡ −d mod n, which is impossible for odd n.
In the same flavour, there is a proposition about reflection cycles of length 3. We first need a lemma. Proof. Let e be a bridge of Γ. Assume there exists a nowhere-identity D 2n -flow f with unique reflection cycle C. Let Γ e denote the connected component of Γ ∖ e not containing C. Then Γ e consists entirely of edges on which f evaluates to rotations. As rotations commute, we can contract edges in Γ e and modify cyclic orders at vertices in Γ e to obtain a planar graph with nowhere-identity D 2n -flow f ′ . But then e is plane-sided and the existence of f ′ contradicts Lemma 3.2. Proposition 4.6. Let f be a nowhere-identity D 2n -flow on Γ, with n odd and n ≥ 5. If there is a unique reflection cycle and it is of length 3, then Γ admits a nowhere-zero n-flow.
Proof. Without loss of generality, we may assume that the unique reflection cycle C is nonzero. We show that C is contractible. If this is true, then Theorem 4.3 settles the proposition. Assume, to the contrary, that C is non-contractible. Let v 1 , v 2 and v 3 denote the vertices on C. If there are parallel edges between v 1 , v 2 and v 3 , then Γ has a bridge e. But then f cannot exist by Lemma 4.5.
Write e 1 = v 1 v 2 , e 2 = v 2 v 3 and e 3 = v 3 v 1 . For i = 1, 2, 3, let e 3+i be the remaining edge incident with v i . The above shows that e 3+i = e 3+j if and only if i = j. As C is non-contractible, the cyclic orders may be taken as follows π v 1 = (e 1 e 3 e 4 ), π v 2 = (e 1 e 2 e 5 ) and π v 3 = (e 3 e 2 e 6 ).
Let f (e 3+i ) = r a i , with 0 < a i < n and assume that e 3+i is directed towards v i , for i = 1, 2, 3. Similarly as in the proof of Proposition 4.4, the Kirchhoff equations imply that a 4 + a 6 ≡ a 5 mod n. However, the cut-set condition implies that a 4 + a 6 ≡ −a 5 mod n. In conclusion, such an f cannot exist for odd n.
In view of Seymour's 6-flow theorem [14] , Proposition 4.6 is only interesting for the case n = 5 for bridgeless cubic graphs. For cubic graphs with a bridge, the proposition is useful for all odd n at least 5 (cf. Theorem 3.3).
Having discussed unique reflection cycles of lengths 2 and 3, it is natural to consider longer reflection cycles. Although something can be said about the case of a unique reflection cycle having length 4, we do not include the result here, as there are many case distinctions and computations involved. In the next section, we restrict attention to snarks. As snarks have girth at least 5, certainly none of the before-mentioned propositions apply.
Snarks
A snark is a simple, connected, bridgeless cubic graph that is not 3-edge colorable (i.e., without nowhere-zero 4-flow) and with girth at least 5. Snarks are interesting because they are potential (minimal) counterexamples to many important conjectures, e.g., Tutte's 5-flow conjecture [17] and the cycle double cover conjecture [13, 15] . Any nowhere-identity D 8 -flow on a snark necessarily has a reflection cycle. Hence, the question that we will address in this section is whether snarks admit nowhere-identity D 4 -flows. The following theorem is derived from Lemma 4.2, and is due to A. Schrijver. Theorem 4.7. Let Γ = (V, E) be a cubic graph. If there exists an e ′ ∈ E such that Γ ∖ e ′ has a nowhere-zero n-flow, then Γ has a nowhere-identity D n -flow for any embedding for which e ′ is contained in a simple contractible cycle.
Proof. Let f be a nowhere-zero n-flow on Γ ∖ e ′ . Consider an embedding of Γ for which e ′ is contained in a simple contractible cycle C. Let f ′ be the n-flow on Γ that agrees with f on Γ ∖ e ′ and is zero on e ′ . By the remark following Lemma 4.2, f ′ C is a D n -flow and is immediately seen to be nowhere-identity.
There also exists an edge-contraction version of Theorem 4.7. As its proof follows the same line as the proof given above, we do not include it here. In the first application of Theorem 4.7 below, we use the fact that a facial walk in an (cellullarly) embedded graph is a contractible cycle.
The smallest snark is the ubiquitous Petersen graph. The (orientable) surfaces in which it embeds are the tori with one, two and three holes. In all cases, the Petersen graph has nowhere-identity D 2n -flows, for n ≥ 3, by Theorem 3.3. We prove that it also has nowhereidentity D 4 -flows. In the following, whenever we say that a graph Γ has a nowhere-identity D 4 -flow, we mean that for every orientable surface S in which Γ embeds, there exists an embedding of Γ into S with respect to which Γ has a nowhere-identity D 4 -flow. Proof. Consider the (usual) drawing of the Petersen graph in the plane as a pentagon with an inner pentagram that has five spokes. Let all vertices be given a consistent cyclic order (e.g., clockwise). Then the face tracing algorithm ( §3.2.6 of [7] ) yields three faces and the graph embeds into the 2-torus by Euler's formula (4) . Removing any edge from the face that corresponds to the walk along the outer pentagram, which is a simple facial walk, results in a subdivision Γ ′ of a cubic graph Γ on eight vertices. As the Petersen graph is the smallest snark, Γ has a nowhere-zero 4-flow, hence so does Γ ′ . By Theorem 4.7, this embedding of the Petersen graph has a nowhere-identity D 4 -flow.
We consider the same rotation system as above, but reverse the cyclic order at two vertices on the outer pentagram that are a distance two apart. Then there are five faces and hence the Petersen graph embeds into the 1-torus. The five spokes of the inner pentagram lie on a simple facial walk of length five. By the same argument as before, the embedded Petersen graph permits a nowhere-identity D 4 -flow.
Lastly, there exists an embedding of the Petersen graph into the 3-torus. In that case, there is only one face and hence we cannot apply Theorem 4.7 directly. We give a nowhereidentity D 3 -flow. Consider the drawing of the Petersen graph in Figure 5 . Clearly, no snark is Hamiltonian. However, many snarks are hypohamiltonian: the removal of any vertex results in a Hamiltonian graph. We call a snark almost Hamiltonian if there exists a vertex whose removal yields a Hamiltonian graph. Given a snark Γ = (V, E), we define (10) V aH ∶= {v ∈ V Γ ∖ v is Hamiltonian}, so that Γ is almost Hamiltonian if and only if V aH ≠ ∅. Given an embedding of Γ, call a vertex v simple if there exists an edge incident with v that is contained in a simple contractible cycle (with respect to the embedding) on Γ. We define The following property is best expressed in terms of edges. A snark Γ = (V, E) for which there exists an edge e = uv such that Γ ∖ {u, v} is 3-edge colorable, is called almost 2-vertex critical. We define (12) E avc ∶= {uv = e ∈ E Γ ∖ {u, v} is 3-edge colorable}.
Given an embedding of Γ, an edge that is contained in a simple contractible cycle is called simple. We define (13) E simple ∶= {e ∈ E e is simple}.
Proposition 4.12. Let Γ = (V, E) be an embedded snark. If E avc ∩ E simple ≠ ∅, then Γ admits a nowhere-identity D 4 -flow.
Proof. Let uv = e ∈ E avc ∩ E simple , with u, v ∈ V . Let u 1 and u 2 be other the neighbors of u in Γ, and v 1 and v 2 the other neighbors of v. They are distinct and there are no edges between them. Consider a 3-edge coloring of Γ ∖ {u, v}. For i = 1, 2, 3, the color i appears an even number of times among the edges incident with the vertices in U ∶= {u 1 , u 2 , v 1 , v 2 }. Hence, an even number of vertices in U misses color i. If u 1 and u 2 miss the same color, then so do v 1 and v 2 . In that case, the 3-edge coloring of Γ ∖ {u, v} can be extended to a 3-edge coloring of Γ, which is a contradiction. Therefore, u 1 and u 2 miss the same color, say color 1. Let 2 be the color that v 1 and v 2 miss.
Consider the graph Γ ′ obtained from Γ ∖ {u, v} by inserting the edges u 1 u 2 and v 1 v 2 , and color the edges with colors 1 and 2 respectively. Then we have a 3-edge coloring of Γ ′ , hence there exists a nowhere-identity D 4 -flow on Γ by Theorem 4.7.
In all of the previous results, the presence of a simple contractible cycle or a simple facial walk in an embedded snark is crucial. An embedding of a graph into a surface in which every facial walk is simple, is called a strong embedding. For some time, it was thought that any bridgeless cubic graph admits a strong embedding into a surface of its own genus (see for instance [13] ). This statement, however, is proven to be false [12] . The following conjecture, which is due to Jaeger, is still open. This conjecture has been verified for 2-connected projective-planar cubic graphs [4] .
Further research
In this paper we have studied to some extent when statement (3) holds and in which cases it does not. We have only dealt with embeddings of graphs into orientable surfaces. It would be interesting to investigate the non-orientable case. In order to do so, it seems that a non-orientable version of Theorem 3.3 is necessary. To the best knowledge of the author, such a theorem does not exist yet.
In Section 3.2 we have addressed the complexity of the existence of nowhere-identity D 2 -flows. It would be interesting to consider the corresponding problem for the cases n = 3 and n = 4. More specifically, we would like to know the answer to the following question. In fact, we believe something stronger is true. We put forth the following conjecture, whose confirmation would imply a positive answer to the previous question.
Conjecture 5.1. For every 3-edge colorable cubic graph, there exists an embedding into a surface of its own genus, with respect to which it has a nowhere-identity D 2 -flow.
In Section 3.3 we briefly discussed the enumeration of nowhere-identity D n -flows. The question whether the number of such flows is counted by a quasi-polynomial in n of period 2, remains open. Perhaps, the method of counting integer points in polytopes can be used,
